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Abstract
We present new explicit realizations of the most general N = 4, d = 1 superconformal sym-
metry D(2, 1;α) in the models of N = 4 superconformal mechanics based on the reducible
multiplets (1, 4, 3)⊕ (0, 4, 4), (3, 4, 1)⊕ (0, 4, 4) and (4, 4, 0)⊕ (0, 4, 4). We start from the
manifestly supersymmetric superfield actions for these systems and then descend to the rele-
vant off- and on-shell component actions from which we derive the D(2, 1;α) (super)charges
by the Noether procedure. Some peculiarities of these realizations ofD(2, 1;α) are discussed.
We also construct a new D(2, 1;α) invariant system by joining the multiplets (3, 4, 1) and
(4, 4, 0) in such a way that they interact with each other through an extra (0, 4, 4) multiplet.
New fermionic conformal couplings appear as the result of elimination of the appropriate
auxiliary fields.
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1 Introduction
Superconformal mechanics (SCM) [1] - [3] has plenty of applications [4] - [28]. For instance,
the SCM models can be identified with the denominator theories in the AdS2/CFT1 version
of the general AdS/CFT correspondence and used for the microscopic description of the
extremal black holes [4]-[8], [14], [27]. Various versions of the N = 4 SCM are of special
interest in these respects, since they provide an explicit description of the massive N = 4
superparticle moving near the horizon of an extreme Reissner-Nordstro¨m black hole (see,
e.g., [4], [6], [8], [27]). An important class of the multiparticle SCM models is constituted
by integrable superconformal Calogero-type systems [6], [13], [15], [16], [21]. A review of
possible implications of SCM in various domains, including N = 4 case, and additional
references can be found in [23].
The most general N = 4, d = 1 superconformal group is the exceptional supergroup
D(2, 1;α) [29], [30]. At α = 0,−1 it reduces to the semi-direct product PSU(1, 1|2)⋊SU(2)
and at α = −1
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to the supergroup OSp(4|2)1. The realizations of D(2, 1;α) in the models of
supersymmetric mechanics were a subjects of many works (see, e.g., [7]-[12], [17]-[22], [24],
[25], [28], [23] and references therein)2. As a rule, the realizations on one or another fixed
type of the irreducible N = 4, d = 1 supermultiplet were considered. Recently, the study
of SU(1, 1|2) superconformal systems including some pairs of such multiplets was initiated
in Ref. [27]. Some interesting links with the N = 2, d = 5 supergravity were established
there. One of the basic points of the construction in [27] was the inclusion of couplings with
the fermionic N = 4 multiplets (0, 4, 4) which do not enlarge the dimension of the target
bosonic manifold.
In the present paper we study the analogous realizations of D(2, 1;α) as distinct from
[27], where the particular SU(1, 1|2) case was treated. Another new point of our consid-
eration is that in all cases we start from the manifestly N = 4 supersymmetric off-shell
superfield description of the relevant multiplet pairs and write down the off-shell component
Lagrangians, while in [27] only on-shell versions of the latter were addressed. Keeping the
relevant auxiliary fields in the combined actions of different pairs allows one to get more gen-
eral on-shell component actions after elimination of these fields by their algebraic equations
of motion.3
Since the natural off-shell description of the multiplets considered in [27] and in the
present paper is achieved in the framework of N = 4, d = 1 harmonic superspace [32], we
start in section 2 with recalling the basics of this approach. Then, in section 3, we present
the superfield and component descriptions of the fermionic multiplet (0, 4, 4) , which is the
common part of all systems considered in [27] and here. In section 4 we describe theD(2, 1;α)
invariant system of interacting (1, 4, 3) and (0, 4, 4) multiplets, both in the superfield and
the component formulations, and give the precise form of the D(2, 1;α) generators for this
case. In sections 5 and 6 we do the same for the multiplet pair (3, 4, 1) and (0, 4, 4) , as well
as for the pair (4, 4, 0) and (0, 4, 4) . In section 7, as an example of the power of the off-shell
approach, we present a new superconformal system involving the triple of the multiplets
(1, 4, 3), (4, 4, 0) and (0, 4, 4). The elimination of the auxiliary fields in the corresponding
1The isomorphic superalgebras are related by the redefinition α→ −(1 + α) .
2For implications of D(2, 1;α) in string theory and AdS/CFT correspondence see, e.g., [31].
3As distinct from the D(2, 1;α) invariant systems with the so-called N = 4 spin multiplets [18], [20], in
our case all bosonic fields of physical dimension are dynamical.
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action yields new fermionic terms which are absent in the actions of the relevant isolated
pairs. Section 8 contains conclusions and outlook.
2 N = 4, d = 1 harmonic superspace
The harmonic analytic N=4, d = 1 superspace [32, 33, 34] as the one-dimensional version of
the general harmonic superspace [35] is defined as the following coordinate set
(ζ, u) = (tA, θ
+, θ¯+, u±i ) , u
+iu−i = 1 . (2.1)
These coordinates are related to the standard N=4, d=1 superspace (central basis) coordi-
nates z = (t, θi, θ¯
i), (θi) = θ¯
i as
tA = t+ i(θ
+θ¯− + θ−θ¯+), θ± = θiu±i , θ¯
± = θ¯iu±i . (2.2)
The N=4 covariant spinor derivatives and their harmonic projections are defined by
Di =
∂
∂θi
− iθ¯i∂t , D¯i = ∂
∂θ¯i
− iθi∂t , (Di) = −D¯i , {Di, D¯k} = −2i δik∂t , (2.3)
D± = u±i D
i , D¯± = u±i D¯
i , {D+, D¯−} = −{D−, D¯+} = −2i ∂tA . (2.4)
In the analytic basis zA = (tA, θ
±, θ¯±, u±i), the derivatives D+ and D¯+ are short,
D+ =
∂
∂θ−
, D¯+ = − ∂
∂θ¯−
. (2.5)
The analyticity-preserving harmonic derivative D++ and its conjugate D−− are given by
D++ = ∂++ + 2iθ+θ¯+∂tA + θ
+ ∂
∂θ−
+ θ¯+
∂
∂θ¯−
,
D−− = ∂−− + 2iθ−θ¯−∂tA + θ
− ∂
∂θ+
+ θ¯−
∂
∂θ¯+
, ∂±± = u±i
∂
∂u∓i
, (2.6)
and become the pure partial derivatives ∂±± in the central basis. They satisfy the relations
[D++, D−−] = D0 , [D0, D±±] = ±2D±± , (2.7)
where D0 is the operator counting external harmonic U(1) charges. The integration measures
in the full harmonic superspace and its analytic subspace are defined as
µH = dudtd
4θ = dudtA(D
−D¯−)(D+D¯+) = µ(−2)A (D
+D¯+) ,
µ
(−2)
A = dudζ
(−2) = dudtAdθ
+dθ¯+ = dudtA(D
−D¯−) . (2.8)
The analytic subspace (ζ, u) is closed under the action of the most general N = 4, d = 1
superconformal group D(2, 1;α) and its degenerate D(2, 1;α = 0) and D(2, 1;α = −1) cases
which are reduced to the semi-direct products PSU(1, 1|2)⋊ SU(2)ext. In what follows, we
will need the transformation properties of some relevant quantities under the “Poincare´”
and conformal supersymmetry. The invariance under these transformations is sufficient for
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ensuring the complete D(2, 1;α) invariance since the rest of the D(2, 1;α) transformations is
contained in the closure of the conformal and manifest Poincare´ N=4, d=1 supersymmetries.
In the N=4 superfield approach, the invariance under the ordinary d = 1 supertransla-
tions (ε¯i = (εi))
δt = i(εkθ¯
k − θkε¯k), δθk = εk, δθ¯k = ε¯k (2.9)
and
δtA = 2i(ε
−θ¯+ − ε¯−θ+), δθ+ = ε+, δθ¯+ = ε¯+ , (2.10)
where ε± = εiu±i , ε¯
± = ε¯iu±i , is automatic.
The coordinate realization of the superconformal D(2, 1;α) boosts is as follows :
δ′t = it(θk η¯
k + θ¯kηk)− (1 + α) θiθ¯i(θkη¯k + θ¯kηk) , (2.11)
δ′θi = −ηit− 2iα θi(θkη¯k) + 2i(1 + α) θi(θ¯kηk)− i(1 + 2α) ηi(θkθ¯k) , (2.12)
δ′θ¯i = −η¯it− 2iα θ¯i(θ¯kηk) + 2i(1 + α) θ¯i(θkη¯k) + i(1 + 2α) η¯i(θkθ¯k) , (2.13)
δ′tA = α
−1ΛsctA , δ
′u+i = Λ
++u−i , (2.14)
δ′θ+ = −η+tA + 2i(1 + α)η−θ+θ¯+ , δ′θ¯+ = −η¯+tA + 2i(1 + α)η¯−θ+θ¯+ , (2.15)
δ′(dtd4θ) = −(dtd4θ) Λ0 , δ′µH = µH (2Λsc − (1 + α)Λ0) , δ′µ(−2)A = 0 , (2.16)
δ′ µ(−2)A = 0 , δ
′ du = duD−−Λ++ , (2.17)
δ′D++ = −Λ++D0 , δ′D0 = 0 . (2.18)
Here η± = ηiu±i , η¯
± = η¯iu±i , η¯
i = (ηi) , and
Λsc = 2iα(η¯
−θ+ − η−θ¯+) , Λ++ = D++Λsc = 2iα(η¯+θ+ − η+θ¯+) , D++Λ++ = 0 , (2.19)
Λ0 = α
−1 (2Λsc −D−−Λ++) = 2i(θk η¯k + θ¯kηk) , D++Λ0 = 0 . (2.20)
The symbol ∼ means the generalized tilde-conjugation [35]. With such definitions, all the
coordinate transformations contain no singularities in the degenerate α = 0 or α = −1 cases.
3 The fermionic multiplet (0,4,4)
This multiplet is the fermionic analog of the multiplet (4, 4, 0). It is described off shell by
the fermionic analytic superfield Ψ+A , A = 1, 2 , (˜Ψ+A) = Ψ+A , satisfying the constraint [32]:
D++Ψ+A = 0 ⇒ Ψ+A = φiAu+i + θ+FA + θ¯+F¯A − 2iθ+θ¯+φ˙iAu−i , (3.1)
where (φiA) = −φiA, (FA) = F¯A. On the index A, the appropriate SU(2)PG group acts. Its
generators commute with the N = 4 supersymmetry and D(2, 1;α) generators. The require-
ment of superconformal covariance of the constraint (3.1) uniquely fixes the superconformal
D(2, 1;α) transformation rule of Ψ+A, for any α, as
δscΨ
+A = ΛscΨ
+A . (3.2)
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Off-shell transformations of component fields are the following
δφiA = − (ωiFA + ω¯iF¯A) ,
δFA = 2i ω¯kφ˙Ak + 2iα η¯
kφAk , δF¯A = 2i ωk
˙¯φkA + 2iα ηkφ¯
k
A ,
(3.3)
where
ωi = εi − t ηi , ω¯i = ε¯i − t η¯i .
In the central basis, the constraint (3.1) and the analyticity conditionsD+Ψ+A=D¯+Ψ+A=0
imply
Ψ+A(z, u) = ΨiA(z)u+i , (3.4)
D(iΨk)A(z) = D¯(iΨk)A(z) = 0 . (3.5)
The free action of Ψ+A,
S
(Ψ)
free =
1
2
∫
dudζ (−2)Ψ+AΨ+A =
∫
dt
(
−iφiAφ˙iA + FAF¯A
)
, (3.6)
is not invariant under D(2, 1;α), except for the special case of α=0 , in which we will not
be too interested. As we will see, the superconformal versions of the free Ψ+A action, which
are valid for any α, can be constructed by coupling this multiplet to those considered in the
next sections.
The only additional N=4 invariant is the appropriate Fayet-Iliopoulos (FI)-type term
S
(Ψ)
FI = γ
∫
dudζ (−2)
(
θ+ξAΨ
+A + θ¯+ξ¯AΨ+A
)
= γ
∫
dt
(
ξ¯AF
A − ξAF¯A
)
, (3.7)
ξA, ξ¯
A = (ξA) being SU(2)PG breaking constants. It is superconformal at α=− 1 [34].
4 The multiplet pair (1,4,3)⊕ (0,4,4)
4.1 The multiplet (1, 4, 3)
The off-shell multiplet (1, 4, 3) is described by a real N=4 superfield X(z) obeying the
constraints [3]
DiDiX = D¯iD¯
iX = 0 , [Di, D¯i]X = 0 . (4.1)
Solution of these constraints is provided by
X(t, θi, θ¯
i) = r + θiϕ
i + ϕ¯iθ¯
i + iθiθ¯kAik − i2(θ)2ϕ˙iθ¯i − i2(θ¯)2θi ˙¯ϕi + 14(θ)2(θ¯)2r¨ , (4.2)
where (r) = r, (ϕi) = ϕ¯i, (Aik) = Aik = A(ik) and (θ)
2 = θkθ
k, (θ¯)2 = θ¯kθ¯k.
The same constraints (4.1) rewritten in harmonic superspace read
D++X = 0 , D+D−X = D¯+D¯−X = 0 ,
(
D+D¯− + D¯+D−
)
X = 0 . (4.3)
The extra harmonic constraint guarantees the harmonic independence of X in the central
basis.
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As was shown in [34], this multiplet can be also described in terms of the real analytic
gauge superfield V(ζ, u) with the abelian gauge transformation
V ⇒ V ′ = V +D++Λ−− , Λ−− = Λ−−(ζ, u) . (4.4)
In the Wess-Zumino (WZ) gauge just the irreducible (1, 4, 3) content remains
VWZ(ζ, u) = r(tA)− 2θ+ϕi(tA)u−i − 2θ¯+ϕ¯i(tA)u−i + 3iθ+θ¯+A(ik)(tA)u−i u−k . (4.5)
No residual gauge freedom is left. The original superfield X(z) is related to V(ζ, u) by
X(t, θi, θ¯k) =
∫
duV
(
t + 2iθiθ¯ku+(iu
−
k) , θ
iu+i , θ¯
ku+k , u
±
l
)
. (4.6)
The constraints (4.1) are recovered as a consequence of the harmonic analyticity of V ,
D+V = D¯+V = 0 . (4.7)
The transformation properties of the superfields X and V under the D(2, 1;α) conformal
supersymmetry are defined by
δscX = −αΛ0X , δsc V = −2Λsc V . (4.8)
The full set of the component fermionic transformations obtained from (2.9) - (2.16) reads
δr = −ωiϕi + ω¯iϕ¯i ,
δϕi = iω¯ir˙ − iω¯kAki − 2iα η¯ir , δϕ¯i = −iωir˙ − iωkAki + 2iα ηir ,
δAik = −2
(
ω(iϕ˙k) + ω¯(i ˙¯ϕk)
)
+ 2(1 + 2α)
(
η(iϕk) + η¯(iϕ¯k)
)
,
(4.9)
where ωi = εi − t ηi and ω¯i = ε¯i − t η¯i .
The general εi, ε¯k-invariant superfield action of the multiplet (1, 4, 3) is written as
S(X)gen =
∫
dtd4θLgen(X) . (4.10)
The action invariant under D(2, 1;α) (except for the special value of α=0) is [11]
S(X)sc = − 18(1+α)
∫
dtd4θ
(
X−1/α −X) . (4.11)
For the correct d=1 field theory interpretation, one must assume that X develops a non-zero
background value, X = 1 + . . . . Note that
∫
dtd4θ X is an integral of total derivative and
does not contribute for α 6= −1 . We add this term for ensuring the correct limit α=− 1, in
which (4.11) is reduced to
S(X)(α=−1)sc = −18
∫
dtd4θ X logX . (4.12)
Using the coordinate and superfield transformations (2.11) - (2.17), (4.8), it is easy to
check the D(2, 1;α) invariance of the action (4.11) and the covariance of the relation (4.6).
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In the component field notation the action (4.11) takes the form
S(X)sc =
1
8α2
∫
dt r−
1
α
−2 [r˙r˙ + i (ϕ¯kϕ˙k − ˙¯ϕkϕk)+ 12AikAik ]
− i
8α2
( 1
α
+ 2)
∫
dt r−
1
α
−3Aikϕ(iϕ¯k)
− 1
24α2
( 1
α
+ 2)( 1
α
+ 3)
∫
dt r−
1
α
−4 ϕiϕ¯kϕ(iϕ¯k) . (4.13)
One can also construct an N=4 supersymmetric FI term
S
(X)
FI = i
∫
dudζ (−2) c+2 V , c+2 = ciku+i u+k , [c] = cm−1. (4.14)
It generates a scalar potential after elimination of the auxiliary field A(ik) in the sum of
(4.10) and (4.14). The FI term is superconformal only for the special choice α=0 [34]. At
this value of α, the corresponding scalar potential is the standard inverse-square conformal
potential ∼ c2 = cikcik. The α = 0 conformal kinetic sigma-model term can be constructed
at cost of modifying the superconformal transformation law of X for this value of α as
δ(α=0)sc X = −Λ0 , δ(α=0)sc V = 4i
(
ε¯−θ+ − ε−θ¯+) , (4.15)
under which the constraints (4.1) are still covariant. Then the superconformal kinetic term
is given by
S(X)(α=0)sc =
∫
dtd4θ eX . (4.16)
The FI term (4.14) remains invariant under the modified transformation rule (4.15).
For the choice of α = −1, the conformal component potential can be secured by modifying
the last constraint in (4.1) as
[Di, D¯i]X = 0 ⇒ [Di, D¯i]X = c , (4.17)
where c is a real constant. At α = −1 the modified constraints are still superconformally
covariant. The conformal potential appears with the strength ∼ c2 . Note that the superfield
X subjected to the modified constraints is related to X(c=0) as
X = X(c=0) +
1
2
c θ¯iθi = X(c=0) +
1
2
c
(
θ¯+θ− − θ¯−θ+) . (4.18)
For v(c=0) there is still valid the prepotential representation (4.6). For X to have the correct
α = −1 transformation law, δ(α=−1)sc X = Λ0X , the transformation rule of the prepotential
V under the Poincare´ and conformal supersymmetries should be modified as
δ(α=−1)sc V = −2Λ(α=−1)sc V + c
[
(ǫ− + tAε
−)θ¯+ + (ǫ¯− + tAε¯
−)θ+
]
. (4.19)
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4.2 Superconformal coupling of multiplets (1, 4, 3) and (0, 4, 4)
Using the description of the multiplet (1, 4, 3) through the analytic prepotential V, it is easy
to construct its superconformal coupling to Ψ+A [34]
S(X,Ψ)sc =
1
2
b
∫
dudζ (−2) V Ψ+AΨ+A . (4.20)
This action is superconformal at any α 6= 0 4 and it also respects the gauge invariance (4.4)
as a consequence of the constraint (3.1). Assuming that V = 1 + V˜ , v = 1 + v˜, (4.20) can
be treated as a superconformal generalization of the free action (3.6). An analysis based
on dimensionality and on the Grassmann character of the superfields Ψ+A,Ψ−A = D−−Ψ+A
shows that the coupling (4.20) is the only possible coupling of this fermionic multiplet to
the multiplet (1, 4, 3) preserving the canonical number of time derivatives in the component
action (no more than two for bosons and no more than one for fermions).
It is easy to obtain the component-field representation of (4.20)
S(X,Ψ)sc = b
∫
dt
[
r
(
−iφiAφ˙iA + FAF¯A
)
+ i
2
Aik φAi φkA + ϕ¯
kφkA F
A − ϕkφkA F¯A
]
. (4.21)
After summing up this action with the component superconformal (1, 4, 3) action (4.13) and
eliminating the auxiliary fields Aik and F
A, F¯A ,
Aik = i
(
1
α
+ 2
)
r−1ϕ(iϕ¯k) − 4bα2ir 1α+2φA(iφk)A ,
FA = r−1ϕkφkA , F¯A = −r−1ϕ¯kφkA ,
(4.22)
we obtain the total on-shell superconformal action as
S(X+Ψ) =
1
8α2
∫
dt r−
1
α
−2 [r˙r˙ + i (ϕ¯kϕ˙k − ˙¯ϕkϕk)]− ib∫ dt r φiAφ˙iA
+
∫
dt
[
1+2α
48α4
r−
1
α
−4 ϕ(iϕ¯k)ϕiϕ¯k − b2α r−1ϕ(iϕ¯k)φiAφkA
+α2b2r
1
α
+2 φA(iφk)Aφ
iBφkB
]
. (4.23)
Redefining the field variables as
x = r−
1
2α , ψk = − 12α r−
1
2α
−1ϕk , χ
iA =
√
2br φiA , (4.24)
we cast the action (4.23) into the convenient form
S(X+Ψ) =
1
2
∫
dt
[
x˙x˙+ i
(
ψ¯kψ˙
k − ˙¯ψkψk
)
− iχiAχ˙iA
]
+
∫
dt
1
x2
[
1
3
(1 + 2α)ψ(iψ¯k)ψ
iψ¯k − αψ(iψ¯k)χiAχkA
+ 1
4
α2 χA(iχk)Aχ
iBχkB
]
. (4.25)
4It is not invariant under the modified α = 0 transformation of V , eq. (4.15), as well as under (4.19)
corresponding to the c 6= 0, α = −1 version of (1,4,3) multiplet. So these options are excluded.
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It is invariant under the following on-shell supersymmetry transformations
δx = −ωiψi + ω¯iψ¯i , (4.26)
δψi = iω¯ix˙+ iη¯ix− (1 + 2α) ωkψ
kψi + ω¯kψ
kψ¯i
x
+ α
ω¯kχ
A(iχ
k)
A
x
, (4.27)
δψ¯i = −iωix˙− iηix+ (1 + 2α) ω¯
kψ¯kψ¯i + ω
kψ¯kψi
x
+ α
ωkχA(iχk)A
x
, (4.28)
δχiA = −2α ω
(iψk) + ω¯(iψ¯k)
x
χAk . (4.29)
From (4.29) we observe that the supersymmetry transformation of χiA looks as a field-
dependent SU(2) transformation. At α = −1, the action (4.25) is reduced to the corre-
sponding on-shell action from Ref. [27].
Using the component D(2, 1;α) transformations (4.26), (4.27), (4.28) and (4.29), one can
find the related Noether (super)charges
Qi = p ψi − ix−1ψk
[
2
3
(1 + 2α)ψ(iψ¯k) − αχiAχkA
]
, (4.30)
Q¯i = p ψ¯i + ix
−1ψ¯k
[
2
3
(1 + 2α)ψ(iψ¯k) − αχAi χkA
]
(4.31)
and
Si = xψi − tQi, S¯i = xψ¯i − t Q¯i , (4.32)
where p ≡ x˙, and then check that they generate the classical D(2, 1;α) superalgebra.
To this end, we define the non-vanishing canonical Dirac brackets (at equal times) as
{x, p}
D
= 1, {ψi, ψ¯j}D = −i δij , {χiA, χjB}D = i ǫijǫAB, (4.33)
where we adopted the convention ǫ12 = ǫ
21 = 1. Using (4.33), we arrive at the following
Dirac brackets for fermionic generators
{Qi, Q¯k}D = −2iδikH , {Qi, Qk}D = 0 , {Q¯i, Q¯k}D = 0 ,
{Si, S¯k}D = −2iδikK , {Si, Sk}D = 0 , {S¯i, S¯k}D = 0 ,
{Qi, Sk}
D
= 2i(1 + α) ǫik I , {Q¯i, S¯k}D = −2i(1 + α) ǫik I¯ ,
{Qi, S¯k}D = 2iδikD + 2iα J ik − 2i(1 + α) δik I3 ,
{Q¯i, Sk}D = 2iδki D − 2iα Jik + 2i(1 + α) δki I3 .
(4.34)
Here, the bosonic generators
H = 1
2
p2 + x−2
[
1
4
(1 + 2α)ψiψ
i ψ¯kψ¯
k + αψiψ¯kχ
iAχkA − 14 α2 χAi χkAχiBχkB
]
, (4.35)
K = 1
2
x2 − t xp+ t2H , (4.36)
D = −1
2
xp+ tH , (4.37)
I = i
2
ψkψ
k , I¯ = i
2
ψ¯kψ¯
k , I3 =
i
2
ψkψ¯
k , (4.38)
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J ik = −i [ψ(iψ¯k) − 1
2
χiAχkA
]
(4.39)
form the algebra
{H,K}
D
= 2D , {H,D}
D
= H , {K,D}
D
= −K , (4.40)
{I, I¯}
D
= 2I3 , {I, I3}D = I , {I¯, I3}D = −I¯ , (4.41)
{J ij, Jkl}
D
= −ǫikJ jl − ǫjlJ ik . (4.42)
Next, introducing the quantities
Q11
′i = Si , Q12
′i = S¯i , Q21
′i = Qi , Q22
′i = Q¯i , (4.43)
T 11 = K , T 22 = H , T 12 = −D , (4.44)
I1
′1′ = I , I2
′2′ = I¯ , I1
′2′ = I3 , (4.45)
we obtain that the closed superalgebra of the full set of generators takes the form
{Qai′i, Qbk′k}
D
= −2i
(
ǫikǫi
′k′T ab + αǫabǫi
′k′J ik − (1 + α)ǫabǫikI i′k′
)
, (4.46)
{T ab, T cd}
D
= −ǫacT bd − ǫbdT ac , (4.47)
{I i′j′, Ik′l′}
D
= −ǫi′k′Ij′l′ − ǫj′l′I i′k′ , (4.48)
{T ab, Qci′i}
D
= ǫc(aQb)i
′i ,
{J ij , Qai′k}
D
= ǫk(iQai
′j) ,
{J i′j′, Qak′i}
D
= ǫk
′(i′Qaj
′)i .
(4.49)
This is just the standard form of the superalgebra D(2, 1;α).
Note that the relations (4.25) - (4.49) are also valid at α = 0, in particular, the action
(4.25) is invariant under the α = 0 version of the transformations (4.26) - (4.29). It looks
somewhat paradoxical, since we started from the action (4.11) which is singular at α = 0.
The explanation is that it is just the free (0, 4, 4) action (3.6) which is superconformal at
α = 0, and so the superconformal action of the system (1, 4, 3) ⊕ (0, 4, 4) at this value
of α is the sum of the actions (4.16) and (3.6), containing no interaction between the two
multiplets at all. In components, after some field redefinitions, this sum of actions is reduced
on shell to the α = 0 form of (4.25). The χiA part completely decouples and is reduced to
the free action. The same decoupling occurs in the supercharges and the Hamiltonian. The
fermions χiA contribute in this case only to the su(2)R generators J
ik which uniformly rotate
all doublet indices i, j, k.
The Casimir operators of the su(1, 1), su(2)R and su(2)L subalgebras (at the classical
level) defined as
T 2 ≡ 1
2
T abTab = HK −D2 ,
J2 ≡ 1
2
J ikJik ,
I2 ≡ 1
2
I i
′k′Ii′k′ = II¯ − (I3)2
(4.50)
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have the following explicit form
T 2 = 1
8
(1 + 2α)ψiψ
i ψ¯kψ¯
k + 1
2
αψiψ¯kχ
iAχkA − 18 α2 χAi χkAχiBχkB , (4.51)
J2 = 3
8
ψiψ
i ψ¯kψ¯
k + 1
2
ψiψ¯kχ
iAχkA − 18 χAi χkAχiBχkB , (4.52)
I2 = −3
8
ψiψ
i ψ¯kψ¯
k . (4.53)
Using these expressions together with
i
4
Qai
′iQai′i = − i2 (QiS¯i − SiQ¯i) = 12 (1 + 2α)ψiψi ψ¯kψ¯k + αψiψ¯kχiAχkA , (4.54)
we find that the second-order (classical) Casimir operator of D(2, 1;α) ,
C2 = T
2 + αJ2 − (1 + α)I2 − i
4
Qai
′iQai′i , (4.55)
is expressed as
C2 = −18 α(1 + α)χAi χkAχiBχkB . (4.56)
It is worth to point out that the additional fermionic variables χAi coming from the multiplet
(0, 4, 4) make significant contributions to the D(2, 1;α), su(1, 1) and su(2)R Casimirs (4.56),
(4.51) and (4.52).
By inspecting the expressions (4.51)–(4.54), we observe that, for this particular realization
of the D(2, 1;α) superalgebra, the following quantity identically vanishes :
M := T 2 − α2J2 − 1
3
(1− α2) I2 − i
8
(1− α)Qai′iQai′i = 0 . (4.57)
Using this identity together with the expression (4.55), we derive the constraint
(1 + α)
[
T 2 − αJ2 + 1
3
(1− α)I2
]
+ (1− α)C2 = 0 , (4.58)
which relates the Casimir of D(2, 1;α) to the Casimirs of the three mutually commuting
bosonic subalgebras su(1, 1), su(2)L and su(2)R in our model. Plugging the expression (4.56)
for the D(2, 1;α) Casimir into this constraint, we find that
(1 + α)
[
T 2 − αJ2 + 1
3
(1− α)I2 − 1
8
α(1− α)χAi χkAχiBχkB
]
= 0 . (4.59)
Using the expressions (4.51)–(4.53), we can check that the term in the square brackets is
vanishing, that is the relation
T 2 = αJ2 − 1
3
(1− α)I2 + 1
8
α(1− α)χAi χkAχiBχkB (4.60)
is valid for any α . At α = −1 and α = 0, the Casimir C2 is vanishing, while at α = 1 we
have the relation T 2 = J2 .
Note that the Hamiltonian (4.35) can be cast in the standard form of the Hamiltonian
of (super)conformal mechanics [18], [20], [19]
H = 1
2
p2 +
2T 2
x2
. (4.61)
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Using the expression (4.60), we can represent it in the convenient equivalent form
H = 1
2
p2 + α(1− α) χ
A
i χkAχ
iBχkB
8x2
+ α
J2
x2
− (1− α) I
2
3x2
. (4.62)
The last two terms involve the Casimirs of the groups SU(2)R and SU(2)L.
Finally, note that the sum of the actions (4.11) and (4.20) at α = −1
3
is invariant with
respect to a hidden N = 8, d = 1 supersymmetry and the exceptional N = 8 superconformal
symmetry F (4) [36]. So in this special case the D(2, 1;α) realization given here should admit
an enlargement to the appropriate realization of F (4). We will not dwell on this point further.
5 The multiplet pair (3,4,1)⊕ (0,4,4)
5.1 The multiplet (3, 4, 1)
This multiplet is described by the analytic superfield V ++(ζ, u) subjected to the off-shell
harmonic constraint [32]
D++V ++ = 0
⇓
V ++ = viku+i u
+
k + θ
+ϕiu+i + θ¯
+ϕ¯iu+i − iθ+θ¯+
(
F + 2v˙iku+i u
−
k
)
,
(5.1)
with all the component fields being functions of tA.
The Grassmann analyticity conditions together with the harmonic constraint (5.1), being
rewritten in the central basis, imply
V ++ = V (ik)(t, θ, θ¯)u+i u
+
k , D
(iV kl) = D¯(iV kl) = 0 , (5.2)
that is solved by
V (ik)(t, θ, θ¯) = vik + θ(iϕk) + θ¯(iϕ¯k) + iθ(iθ¯lv˙
k)l + iθlθ¯
(iv˙k)l − iθ(iθ¯k)F
− i
2
(θ)2θ¯(iϕ˙k) − i
2
(θ¯)2θ(i ˙¯ϕk) + 1
4
(θ)2(θ¯)2v¨ik , (5.3)
where (vik) = vik, (ϕi) = ϕ¯i. The D(2, 1;α) transformations of V
ik, as well as those of the
component fields defined in (5.1), (5.3), were given in [32].
The superfield V ++ have the following D(2, 1;α) transformation law
δV ++ = 2ΛscV
++ . (5.4)
The full set of odd D(2, 1;α) transformations of the component fields reads
δvik = −ω(iϕk) − ω¯(iϕ¯k) ,
δϕi = −2iω¯kv˙ki + iω¯iF − 4iα η¯kvki , δϕ¯i = −2iωkv˙ki − iωiF − 4iα ηkvki ,
δF = ωkϕ˙k + ω¯
k ˙¯ϕk − (1− 2α)
(
ηkϕk + η¯
kϕ¯k
)
,
(5.5)
where ωi = εi − t ηi and ω¯i = ε¯i − t η¯i .
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The general sigma-model action of V ik is written as
S(V )gen =
∫
dtd4θ L(V ) , (5.6)
where L(V ) is an arbitrary function of V ik. In order to construct the D(2, 1;α) invariant
subclass of these actions, we use the explicit expression (5.3) to define
X ′ :=
1√
V 2
= r′ + θiϕ
′i + ϕ¯′iθ¯
i + iθ(iθ¯k)A′ik − i2(θ)2ϕ˙′iθ¯i − i2(θ¯)2θi ˙¯ϕ′i + 14(θ)2(θ¯)2r¨′ , (5.7)
where
r′ = (v2)−
1
2 , ϕ′i = −(v2)− 32 vikϕk , ϕ¯′i = (v2)−
3
2 vikϕ¯
k , (5.8)
A′ik = (v
2)−
3
2
[
Fvik − 2vl(iv˙k)l
]
+ 3i(v2)−
5
2 vj(iv
l
k)ϕjϕ¯l +
i
2
(v2)−
3
2ϕ(iϕ¯k) . (5.9)
This superfield can be checked to transform according to the superconformal transformation
law (4.8) of the (1, 4, 3) multiplet and obey the constraints (4.1) (or, equivalently, (4.3)). It
means that the superfield 1/
√
V 2 forms some composite (1, 4, 3) multiplet. Therefore, the
superconformally invariant sigma-model type actions of the multiplet (3, 4, 1) are given by
the following expressions [10]
S(V )sc = − 18(1+α)
∫
dtd4θ
[
(V 2)
1
2α − (V 2)− 12
]
, (5.10)
where V 2 = V ikVik. In the limit α→ −1 the action (5.10) is reduced to
S(V )(α=−1)sc =
1
16
∫
dtd4θ (V 2)−
1
2 log V 2 . (5.11)
The action (5.10) has the following component form
S(V )sc =
1
8α2
∫
dt (v2)
1
2α
−1
[
v˙ikv˙ik +
i
2
(
ϕ¯kϕ˙
k − ˙¯ϕkϕk
)
+ 1
2
F 2
]
− i
8α2
( 1
α
− 2)
∫
dt (v2)
1
2α
−2
[
vilv˙kl ϕ(iϕ¯k) +
1
2
Fvikϕiϕ¯k
]
− 1
96α2
( 1
α
− 1)( 1
α
− 2)
∫
dt (v2)
1
2α
−2 ϕiϕ¯kϕ(iϕ¯k) . (5.12)
These sigma-model type actions exist at any α 6= 0. In what follows we will consider only
the α 6= 0 options.
Using the analyticity of V ++, one can construct an off-shell superpotential term for it as
an integral over the analytic subspace
S(V )sp = i
γ√
2
∫
dudζ−−L++(V ++, u) . (5.13)
The component form of this action reads
S(V )sp =
γ√
2
∫
dt
[
F U(v) + v˙ikAik(v)− iϕ(iϕ¯k) ∂ikU(v)
]
. (5.14)
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Here, the background scalar ‘half-potential’ U and the magnetic one-form potential Aik are
given by the following harmonic integrals,
U(v) =
∫
du
∂L++
∂v++
, Aik(v) = 2
∫
du u+(iu
−
k)
∂L++
∂v++
, v++ = viku+i u
+
k . (5.15)
The genuine scalar potential W appears as the result of eliminating the auxiliary field F (t)
in the sum of the sigma-model action (5.12) and (5.14) as
W (v) = −1
4
γ2
(U(v))2
H(v)
. (5.16)
The representation (5.15) allows one to find the most general constraints which U and Aik
should obey in order to admit an N=4 supersymmetric extension:
∂ikAlt − ∂ltAik = ǫil ∂ktU + ǫkt ∂ilU , and ∆U = 0 . (5.17)
The D(2, 1;α) invariant potential is defined by [32]
L++sc =
2 Vˆ ++√
1 + c−−Vˆ ++
(
1 +
√
1 + c−−Vˆ ++
) , (5.18)
where
Vˆ ++ = V ++ − c++ , c++ = ciku+i u+k , c2 = 2 ,
δscVˆ
++ = 2Λsc(Vˆ
++ + c++)− 2Λ++sc c+− , c+− = ciku+(iu+k) . (5.19)
The analytic Lagrangian (5.18) is invariant under the transformation (5.19) up to a total
harmonic derivative. This can be checked using the variation formula
δVˆ L
++
sc =
δVˆ ++
(1 + c−−Vˆ ++)3/2
. (5.20)
After some algebra, one finds that
δscL
++
sc = D
++g , g = 2Λscc
+− 2 + c
−−Vˆ ++
(1 + c−−Vˆ ++)3/2
− 2Λ++sc c−−
1
(1 + c−−Vˆ ++)1/2
. (5.21)
The constant triplet cik breaks spontaneously one of the two mutually commuting SU(2)
belonging to D(2, 1;α), namely, that one which rotates the indices i, k of vik and ϕi, ϕ¯k 5.
This triplet actually parametrizes the Dirac string, as follows from the explicit expressions
for U and Aik in the case under consideration:
U conf =
∫
du
1(√
1 + c−−vˆ++
)3 , (5.22)
A confik = 2
∫
du
u+(iu
−
k)(√
1 + c−−vˆ++
)3 . (5.23)
5Another SU(2) at any α acts only on fermions, unifying ϕi and ϕ¯k into a doublet.
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The harmonic integrals in (5.22) and (5.23) can be computed to give
U conf =
√
2√
vikvik
=
|c|
|v| , (5.24)
A confik = −
√
2
cpi vpk + c
p
kvpi
[(v · c) + |c||v|] |v| . (5.25)
The gauge potential (5.25) is transversal
vikAik = 0 (5.26)
and is recognized as that of Dirac magnetic monopole, with cik parametrizing the singular
Dirac string. The corresponding field strength computed by eq. (5.17) does not depend on
cik and is just the Dirac monopole one
∂ikA conflt − ∂ltA confik = −
√
2 (ǫilvkt + ǫktvil) |v|−3 . (5.27)
Though the magnetic coupling Aconf := Aconflt v˙lt in (5.14) explicitly includes Aconflt , its c-
dependence is reduced to the total t-derivative, as follows from the relation
c t(l
∂
∂cm)t
Aconf = − ∂
∂t
( |c|vlm + |v|clm
(v · c) + |c||v|
)
, (5.28)
and so is vanishing under the t-integral (up to possible boundary terms).
5.2 Superconformal coupling of the multiplets (3, 4, 1) and (0, 4, 4)
Here we suggest a new way of constructing manifestly N = 4, d = 1 conformal coupling of
these two multiplets by means of generating the superconformal kinetic term of the nilpotent
superfield Ψ+A through the shift of the analytic superfield Vˆ ++ in the superpotential WZ
term (5.18).
Let us define
W++ = Vˆ ++ + iν Ψ+AΨ+A . (5.29)
This superfield has the same transformation properties as Vˆ ++,
δscW
++ = 2Λsc(W
++ + c++)− 2Λ++sc c+− , (5.30)
and, therefore, the substitution of W++ for Vˆ ++ in (5.18) can not affect the superconformal
properties of this superpotential term. Using the nilpotency property of Ψ+A, the new
superconformal WZ term can be written as
L++sc (W ) = L
++
sc (Vˆ ) + iν
1
(1 + c−−Vˆ ++)3/2
Ψ+AΨ+A . (5.31)
Though (5.31) is guaranteed to be superconformal by construction, it is instructive to
explicitly show the invariance of the second term in (5.31) (up to a total derivative),
S(V,Ψ)sc = ν
∫
dudζ−−L++sc (V,Ψ) , L
++
sc (V,Ψ) :=
1
(1 + c−−Vˆ ++)3/2
Ψ+AΨ+A . (5.32)
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Under the superconformal transformations (5.19) and (3.2), the variation of the integrand
in (5.32) is reduced, up to a total harmonic derivative and with making use of the constraint
(3.1) and (5.1), as well as the relation c++c−− − (c+−)2 = 1, to
δscL
++
sc (V,Ψ) = −
Λsc
(1 + c−−Vˆ ++)3/2
[
1 + 3
1− (c+−)2
1 + c−−Vˆ ++
+ 15
(c+−)2
(1 + c−−Vˆ ++)2
]
Ψ+AΨ+A .(5.33)
After some algebra, denoting Y := c−−Vˆ ++ , the right-hand side of this variation can be
represented as
δscL
++
sc (V,Ψ) = (D
++f−−) Ψ+AΨ+A , f
−− = Λscc
−−c+−f1(Y ) + Λ
++
sc (c
−−)2f2(Y ) ,
f1(Y ) = − 4 + Y
(1 + Y )5/2
, f2(Y ) =
1√
1 + Y (1 + Y )
. (5.34)
Taking into account the constraint (3.1), the variation δscS
(V,Ψ)
sc vanishes, as expected6.
Now we present the off-shell component form of the action in (5.32)
S(V,Ψ)sc = ν
∫
dt
{
2U conf
(
−iφiAφ˙iA + FAF¯A
)
− 2iφiAφkA v˙li∂ kl U conf
+ ∂klU conf
[
2
(
ϕkφlAF¯A − ϕ¯kφlAFA
)− iφkAφlAF ]
− ∂kl∂ijU conf ϕ(kϕ¯l) φA(iφj)A
}
. (5.35)
Using the expression (5.24), we obtain the explicit form of the component action
S(V,Ψ)sc = b
∫
dt
{
(v2)−
1
2
(
−iφiAφ˙iA + FAF¯A
)
− i(v2)− 32 vliv˙kl φiAφkA
− (v2)− 32 vik
[ (
ϕiφkAF¯A − ϕ¯iφkAFA
)− i
2
φiAφkAF
]
+ 1
2
(v2)−
5
2
[
(v2)ϕiϕ¯k φ
iAφkA − 3 vklvij ϕkϕ¯l φiAφjA
]}
, (5.36)
where
b := 2
√
2 ν .
Note that the action (5.36) coincides with the component form of the superfield action
S(X
′,Ψ)
sc =
1
2
b
∫
dudζ (−2) V ′Ψ+AΨ+A , (5.37)
where
V ′WZ(ζ, u) = r′(tA)− 2θ+ϕ′i(tA)u−i − 2θ¯+ϕ¯′i(tA)u−i + 3iθ+θ¯+A′(ik)(tA)u−i u−k (5.38)
is the analytic prepotential for the composite (1, 4, 3) superfield X ′ (cf. (4.5)).
6The (V,Ψ) action (5.32) was earlier derived in [12] from a different reasoning.
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For what follows, it will be useful to explicitly present some intermediate on-shell form
of the action (5.36) by eliminating the auxiliary fields in it. We make use of eq. (5.27) and
the formulas
∂klU conf = −
√
2 vkl|v|−3 , ∂ij∂klU conf = 1√
2
|v|−5 [6vijvkl − |v|2(ǫikǫjl + ǫilǫjk)] . (5.39)
After substituting this into (5.36), we obtain the following expressions for the auxiliary fields
and for the intermediate (V,Ψ) action
FA = |v|−2vkl ϕkφlA , F¯A = |v|−2vkl ϕ¯kφlA , (5.40)
S(V,Ψ)sc = b
∫
dt
{
− i|v|−1 φiAφ˙iA + i2 |v|−3
[
vikF − 2vli v˙kl
]
φiAφkA
− 1
2
|v|−5 vijvkl ϕ(iϕ¯j) φA(kφl)A
}
. (5.41)
After eliminating the auxiliary field F ,
F = −8α2γ(v2)− 12α+ 12 + i
2
( 1
α
− 2)(v2)−1 vikϕiϕ¯k − 4ibα2(v2)− 12α− 12 vikφiAφkA , (5.42)
in the sum of (5.41) with the superconformal sigma-model action (5.12) and the superpoten-
tial WZ action (5.14) of the (3, 4, 1) multiplet, we obtain the ultimate on-shell component
action of the coupled (3, 4, 1)⊕ (0, 4, 4) system as
S(V+Ψ) =
1
8α2
∫
dt (v2)
1
2α
−1
[
v˙ikv˙ik +
i
2
(
ϕ¯kϕ˙
k − ˙¯ϕkϕk
) ]− ib∫ dt (v2)− 12φiAφ˙iA
− i(1−2α)
8α3
∫
dt (v2)
1
2α
−2vliv˙klϕ
(iϕ¯k) − ib
∫
dt (v2)−
3
2vli v˙klφ
iAφkA
+ γ√
2
∫
dt v˙ikAik(v) − 4α2γ2
∫
dt (v2)−
1
2α
+ iγ
2α
∫
dt (v2)−
3
2 vikϕ
iϕ¯k − 4iγbα2
∫
dt (v2)−
1
2α
−1 vik φ
iAφkA
− 1−2α
192α4
∫
dt (v2)
1
2α
−2 ϕiϕ¯kϕ(iϕ¯k) − b4α
∫
dt (v2)−
5
2 vijvkl ϕ
iϕ¯j φAkφlA
+ α
2b2
3
∫
dt (v2)−
1
2α
−1 φiAφkA φ
B
i φkB . (5.43)
At b = 0 the contribution from the multiplet (0, 4, 4) disappears. In what follows we assume
that b 6= 0.
Introducing the new variables
x = (v2)
1
4α , (5.44)
ℓik =
1
2α
(v2)−
1
2 vik , ℓ
ikℓik =
1
4α2
, (5.45)
ψi = 1
2α
(v2)
1
4α
−1 vikϕk , ψ¯i = − 12α (v2)
1
4α
−1 vikϕ¯
k , χiA =
√
2b (v2)−
1
4 φiA , (5.46)
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we recast the action (5.43) in the form
S(V+Ψ) =
∫
dt
{
1
2
[
x˙x˙ + x2 ℓ˙ik ℓ˙ik + i
(
ψ¯kψ˙
k − ˙¯ψkψk
)
− iχiAχ˙iA
]
+2i α ℓ ji ℓ˙kj
[
2ψ(iψ¯k) − αχiAχkA
]
+
√
2αγ ℓ˙ik Bik(ℓ)
− 4α2 γ
x2
(
γ − 2i ℓikψiψ¯k + iα ℓik χiAχkA
)
− 1
x2
[
1−2α
3
ψiψ¯kψ(iψ¯k) + 4α
3 ℓijℓkl ψ
iψ¯j χAkχlA − α
2
12
χiAχkA χ
B
i χkB
]}
.(5.47)
It is worth pointing out that the gauge potential Aik defined in (5.25) is now written as
Aik(v) = x−2αBik(ℓ) , (5.48)
where
Bik(ℓ) = −
4α cp(iℓk)p√
2α(ℓ · c) + 1 . (5.49)
The transversality condition (5.26) is rewritten as
ℓikBik = 0 . (5.50)
Like in the previous section, one can calculate the classical D(2, 1;α) (super)charges
and their (anti)commutation relations. At α = −1, the considered system reproduces the
relevant SU(1, 1|2) invariant on-shell system of Ref. [27].
The on-shell supersymmetry transformations of the fields in the action (5.47) are as
follows
δx = −ωiψi + ω¯iψ¯i , (5.51)
δℓik = −2α x−1 [ω(iψj) + ω¯(iψ¯j)] ℓkj − 2αx−1 [ω(kψj) + ω¯(kψ¯j)] ℓij , (5.52)
δψi = iω¯ix˙+ iη¯ix− 4αi x ℓm(iℓ˙k)m ω¯k − 8α2γi x−1 ℓik ω¯k
− (1 + 2α) x−1 ωkψkψi − 2αx−1 ω¯kψkψ¯i − 8α2 x−1 ℓmnω¯mψn ℓikψ¯k
+4α3 x−1 ℓikω¯k ℓmnχ
mAχnA , (5.53)
δψ¯i = −iωix˙− iηix− 4αi x ℓm(i ℓ˙k)m ωk − 8α2γi x−1 ℓik ωk
+ (1 + 2α) x−1 ω¯kψ¯kψ¯i + 2αx
−1 ωkψ¯kψi + 8α
2 x−1 ℓmnω
mψ¯n ℓikψ
k
+4α3 x−1 ℓikω
k ℓmnχ
mAχnA , (5.54)
δχiA = −2α x−1 [ω(iψj) + ω¯(iψ¯j)]χAj . (5.55)
From (5.52) and (5.55) we observe that the on-shell fermionic transformations of ℓik and
χiA have the form of field-dependent SU(2) transformations like in the case of (4.29). The
same property is valid for the bosonic semi-dynamical spin variables entering the N = 4
spin multiplet as the basic ingredient of the N = 4 SCM models of Refs. [18], [20]. This
resemblance is rather interesting because in our case the angular variables ℓik are dynamical
variables.
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Using the component D(2, 1;α) transformations (5.51), (5.52), (5.53), (5.54), (5.55), one
can evaluate the corresponding Noether (super)charges
Qi = p ψi − ix−1ψk
[
2
3
(1 + 2α)ψ(iψ¯k) − αχiAχkA − 4i α
(
ℓipPkp − 2 γα ℓik
)]
, (5.56)
Q¯i = p ψ¯i + ix
−1ψ¯k
[
2
3
(1 + 2α)ψ(iψ¯k) − αχAi χkA − 4i α
(
ℓipPpk − 2 γα ℓik
)]
, (5.57)
Si = xψi − tQi, S¯i = xψ¯i − t Q¯i . (5.58)
Here, p ≡ x˙ is the canonical momentum for x, and
Pik := pik −
√
2αγ x2αAik = pik −
√
2αγ Bik ,
with
pik = x
2ℓ˙ik +
√
2αγ Bik − iα ℓ ji
[
2ψ(kψ¯j) − αχAk χjA
]
− iα ℓ jk
[
2ψ(iψ¯j) − αχAi χjA
]
(5.59)
being the momenta for ℓik. The momenta (5.59) satisfy the constraint
ℓikpik = 0 , (5.60)
which forms the pair of the second class constraints together with the constraint (5.45),
ℓikℓik − 14α2 = 0 . (5.61)
Then one introduces Dirac brackets for the second class constraints (5.60), (5.61)
{ℓij, ℓ km}
DB
= 0 , {ℓij, p km}DB = δi(kδjm) − 4α2ℓijℓ km ,
{pij, p km}DB = 4α2 (pijℓ km − p kmℓij) .
(5.62)
Using these Dirac brackets, one can check that the supercharges (5.56), (5.57), (5.58)
form D(2, 1;α) algebra (4.34) with the Hamiltonian
H = 1
2
p2 +
1
x2
[
1
2
P iaPia + 4α2γ2 + 2iα
(
ℓimP km − 2γα ℓik
)(
2ψ(iψ¯k) − αχAi χkA
)
+ 1
4
(1 + 2α)ψiψ
i ψ¯kψ¯
k + αψiψ¯kχ
iAχkA − 14 α2 χAi χkAχiBχkB
]
(5.63)
and SU(2) generators
J ik = −i
[
ψ(iψ¯k) − 1
2
χiAχkA − 2i
(
ℓimP km − 2γα ℓik
)]
. (5.64)
The remaining even generators K, D and I i
′k′ are given by the same expressions as in (4.36),
(4.37) and (4.38), (4.45).
Note the useful relations
ℓ imp
km = ℓ (imp
k)m , ℓ imp
km ℓijp
j
k =
1
8α2
p kmp km , (5.65)
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(
ℓimP km − 2γα ℓik
)(
ℓijP jk − 2γα ℓik
)
= 1
8α2
(
1
2
P iaPia + 4α2γ2
)
, (5.66)
ℓimP km − 2γα ℓik = ℓimp km − γ
2α|c|ℓik + cik
2α(ℓ · c) + |c| , (5.67)
which follow from the definitions of ℓik,Pik and pik. Using these relations, we can represent
the Casimir operators (4.50) of the su(1, 1), su(2)R and su(2)L subalgebras as
T 2 = 1
8
(1 + 2α)ψiψ
i ψ¯kψ¯
k + 1
2
αψiψ¯k
[
χiAχkA + 4i
(
ℓimP km − 2γα ℓik
)]
− α2
8
[
χAi χkA + 4i
(
ℓimP mk − 2γα ℓik
)] [
χiBχkB + 4i
(
ℓipP kp − 2γα ℓik
)]
, (5.68)
J2 = 3
8
ψiψ
i ψ¯kψ¯
k + 1
2
ψiψ¯k
[
χiAχkA + 4i
(
ℓimP km − 2γα ℓik
)]
−1
8
[
χAi χkA + 4i
(
ℓimP mk − 2γα ℓik
)] [
χiBχkB + 4i
(
ℓipP kp − 2γα ℓik
)]
, (5.69)
I2 = −3
8
ψiψ
i ψ¯kψ¯
k . (5.70)
Exploiting these expressions and the relation
i
4
Qai
′iQai′i =
1
2
(1 + 2α)ψiψ
i ψ¯kψ¯
k + αψiψ¯k
[
χiAχkA + 4i
(
ℓimP km − 2γα ℓik
)]
, (5.71)
we obtain the second-order (classical) Casimir operator of D(2, 1;α) in the form
C2 = −18 α(1 + α)
[
χAi χkA + 4i
(
ℓimP mk − 2γα ℓik
)] [
χiBχkB + 4i
(
ℓipP kp − 2γα ℓik
)]
.(5.72)
Note that, as in the case of the pair (1, 4, 3) ⊕ (0, 4, 4), the additional fermionic variables
χAi make significant contributions to the Casimirs (5.68), (5.69) and (5.72).
Like in the previous case, looking at the expressions (5.68)–(5.71), we observe that the
following quantity M vanishes identically for this particular realization of the D(2, 1;α)
superalgebra:
M ≡ T 2 − α2J2 − 1
3
(1− α2) I2 − i
8
(1− α)Qai′iQai′i = 0 . (5.73)
Taking into account the expression (5.71), this identity implies the constraint
(1 + α)
[
T 2 − αJ2 + 1
3
(1− α)I2
]
+ (1− α)C2 = 0 , (5.74)
which relates the Casimir of D(2, 1;α) to the Casimirs of the three mutually commuting
bosonic subalgebras su(1, 1), su(2)L and su(2)R in our model. Plugging the expression (5.72)
for the D(2, 1;α) Casimir into this constraint, we find (cf. (4.59)):
(1 + α)
{
T 2 − αJ2 + 1
3
(1− α)I2 − 1
8
α(1− α)
[
χAi χkA + 4i
(
ℓimP mk − 2γα ℓik
)]
×
×
[
χiBχkB + 4i
(
ℓipP kp − 2γα ℓik
)]}
= 0 .
Using the expressions (5.68)–(5.70), we can check that the expression within the curled
brackets is vanishing on its own, whence
T 2 = αJ2 − 1
3
(1− α)I2 + 1
8
α(1− α)
[
χAi χkA + 4i
(
ℓimP mk − 2γα ℓik
)]
×
×
[
χiBχkB + 4i
(
ℓipP kp − 2γα ℓik
)]
.
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Note that the Hamiltonian (5.63) has the standard form of the Hamiltonian of (su-
per)conformal mechanics
H = 1
2
p2 +
2T 2
x2
. (5.75)
Using the relation (5.75), we can rewrite the Hamiltonian in the form
H = 1
2
p2 + α
J2
x2
− (1− α) I
2
3x2
+
α(1− α)
8x2
[
χAi χkA + 4i
(
ℓimP mk − 2γα ℓik
)]
×
×
[
χiBχkB + 4i
(
ℓipP kp − 2γα ℓik
)]
. (5.76)
This representation is analogous to (4.62).
6 The multiplet pair (4,4,0)⊕ (0,4,4)
6.1 The multiplet (4, 4, 0)
This multiplet is described by the analytic superfield q+a (ζ, u) , q˜
+
a = ǫ
abq+b := q
+a , q˜+a =
−q+a , subjected to the off-shell harmonic constraint [32]
D++q+a = 0
⇓
q+a = f iau+i + θ
+ϕa + θ¯+ϕ¯a − 2iθ+θ¯+f˙ iau−i .
(6.1)
Here a = 1, 2 is the doublet index of some extra “Pauli-Gu¨rsey” SU(2) which commutes with
both the Poincare´ and conformalN=4, d=1 supersymmetries. The harmonic constraint (6.1)
together with the analyticity conditions amount in the central basis to [11]
q+a = qia(t, θ, θ¯)u+i , D
(iqk)a = D¯(iqk)a = 0 , (6.2)
where
qia(t, θi, θ¯
i) = f ia + θiϕa + θ¯iϕ¯a − 2i θ(iθ¯k)f˙ak − i2(θ)2θ¯iϕ˙a − i2(θ¯)2θi ˙¯ϕa + 14(θ)2(θ¯)2f¨ ia . (6.3)
Under the superconformal symmetry the analytic superfield q+a transforms as
δscq
+a = Λscq
+a . (6.4)
The full set of the supersymmetry transformations acts on the component fields as
δf ia = −ωiϕa − ω¯iϕ¯a ,
δϕa = −2iω¯kf˙ka − 2iα η¯kfka , δϕ¯a = −2iωkf˙ka − 2iα ηkfka ,
(6.5)
where ωi = εi − t ηi and ω¯i = ε¯i − t η¯i .
The general sigma-model type q+-action reads
S(q)gen =
∫
dtd4θ L(qia) , (6.6)
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with L(q) being an arbitrary function of qia.
Using the explicit component expansion (6.3) and defining (q2)−1 ≡ (qiaqia)−1 , we can
construct the composite superfield
X ′′ ≡ 1
q2
= r′′ + θiϕ
′′i + ϕ¯′′i θ¯
i + iθ(iθ¯k)A′′ik − i2(θ)2ϕ˙′′i θ¯i − i2(θ¯)2θi ˙¯ϕ′′i + 14(θ)2(θ¯)2r¨′′ , (6.7)
where
r′′ = (f 2)−1 , ϕ′′i = −2(f 2)−2 f iaϕa , ϕ¯′′i = 2(f 2)−2 fiaϕ¯a , (6.8)
A′′ik = −4(f 2)−2fa(if˙k)a + 8i(f 2)−3fa(if bk)ϕaϕ¯b (6.9)
and f 2 ≡ f iafia. One can check that X ′′ transforms under D(2, 1;α) as the standard (1, 4, 3)
superfield X and obeys the same constraints. Hence, the superfield 1/q2 represents a compos-
ite (1, 4, 3) multiplet. Therefore, the superconformally invariant sigma-model type actions
of the multiplet (4, 4, 0) can be constructed just on the pattern of the X superconformal
action (4.11):
S(q)sc = − 18(1+α)
∫
dtd4θ
[
(q2)
1
α − (q2)−1
]
, (6.10)
where q2 = qiaqia. In the limit α→ −1 the action (6.10) goes over to
S(q)(α=−1)sc =
1
8
∫
dtd4θ (q2)−1 log q2 . (6.11)
The action (6.10) has the following component formulation
S(q)sc =
1
2α2
∫
dt (f 2)
1
α
−1
[
f˙ iaf˙ia +
i
2
(ϕ¯aϕ˙
a − ˙¯ϕaϕa)
]
− i
α2
( 1
α
− 1)
∫
dt (f 2)
1
α
−2 f iaf˙ bi ϕ(aϕ¯b)
− 1
6α3
( 1
α
− 1)
∫
dt (f 2)
1
α
−2 ϕaϕ¯bϕ(aϕ¯b) . (6.12)
The component bosonic actions is meaningful only under the assumption that the ‘vac-
uum value’ of the radial part of qia is non-vanishing, i.e. 〈q2〉 6= 0. It is worth noting
that the extra Pauli-Gu¨rsey SU(2) group acting on the index a of qia is respected by the
superconformal actions (6.10), (6.12). Thus these actions are manifestly O(4) invariant.
For the (4, 4, 0) multiplet one can also define the superpotential WZ term
S(q)sp = − i2
∫
dudζ (−2)L++(q+, u) , (6.13)
which in components yields the coupling ∼ f˙ iaAia, as in the case of the (3, 4, 1) multiplet.
However, as opposed to the latter case, the superconformal subclass of (6.13) is vanishing
because the corresponding component Lagrangian is reduced to a total t-derivative. This
conclusion is based on the following reasoning. Define
V++ = q+aaabq+b , aabaab = 2 , (6.14)
where aab = aba is a constant triplet which breaks the extra Pauli-Gu¨rsey SU(2) (realized
on the indices a, b) down to its some U(1) subgroup. The composite analytic superfield V++
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has the same transformation rule under D(2, 1;α) as V ++ , δV++ = 2ΛscV++ , so one can
apply the same method of constructing a superconformal WZ term for it. After substituting
the component fields of V++,
V ik0 = f iaaabfkb , F = 2 ( f˙ ai aabf ib + iϕaaabϕ¯b ) , χi = 2ϕaaabf ib , χ¯i = 2ϕ¯aaabf ib , (6.15)
into (5.14), the fermionic contributions from the first and third terms in (5.14) cancel each
other, while the bosonic rest is reduced to
S
(q)
sp (sc) =⇒
∫
dtf˙ iaAconfia (f) , (6.16)
where
Aconfia (f) =
4
[f 2 + (f · a · f · c)]
(
fka cki − f bi aab
)
(6.17)
and
f · a · f · c = f iafkbcikaab .
Calculating the curl of the vector potential (6.17), we find
∂kbAconfia − ∂iaAconfkb = 0 , (6.18)
i.e. Aconfia is a pure gauge and the Lagrangian in (6.16) is a total time derivative.
6.2 Superconformal couplings of the multiplets (4, 4, 0) and (0, 4, 4)
Similarly to (4.5), we can construct the “prepotential” for the superfield 1/q2:
V ′′WZ(ζ, u) = r′′(tA)− 2θ+ϕ ′′i(tA)u−i − 2θ¯+ϕ¯′′i(tA)u−i + 3iθ+θ¯+A′′(ik)(tA)u−i u−k , (6.19)
where r′′, ϕ′′i, ϕ¯′′i and A′′(ik) are defined in (6.8), (6.9).
Then the superconformal coupling is given by the superfield action
S(X
′′,Ψ)
sc =
1
2
b
∫
dudζ (−2) V ′′Ψ+AΨ+A . (6.20)
It is easy to specialize the component superconformal action (4.21) to this case:
S(q,Ψ)sc = b
∫
dt
{
(f 2)−1
(
−iφiAφ˙iA + FAF¯A
)
− 2i(f 2)−2 fai f˙ka φiAφkA
− 2(f 2)−2 fka
(
ϕaφkAF¯A − ϕ¯aφkAFA
)
− 4 (f 2)−3fiafkb ϕaϕ¯b φiAφkA
}
. (6.21)
Elimination of the auxiliary fields FA, F¯A by their equations of motion,
FA = 2(f 2)−1fkaϕ
aφkA , F¯A = 2(f
2)−1fkaϕ¯aφkA , (6.22)
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nullifies the total four-fermionic term in (6.21), resulting in the very simple on-shell action
S(q,Ψ)sc = −ib
∫
dt (f 2)−1
[
φiAφ˙iA + 2(f
2)−1 fai f˙ka φ
iAφkA
]
. (6.23)
The same superconformal coupling can be constructed just through the substitution
Vˆ ++ → V++ in (5.31), where the composite analytic superfield V++ was defined in (6.14).
While L++sc (V) is reduced to the total derivative and so does not contribute, the rest of (5.31)
is a non-trivial D(2, 1;α) invariant off-shell coupling of the multiplets (0, 4, 4) and (4, 4, 0):
S(q,Ψ)sc = b
∫
dudζ−−L++sc (q,Ψ) , L
++
sc (q,Ψ) :=
1
(1 + c−−Vˆ++)3/2 Ψ
+AΨ+A . (6.24)
In components, it yields the same actions (6.21) and (6.23).
The total on-shell superconformal action is the sum of the component superconformal
(4, 4, 0) action (6.12) and the action (6.23):
S(q+Ψ) =
1
2α2
∫
dt (f 2)
1
α
−1
[
f˙ iaf˙ia +
i
2
(ϕ¯aϕ˙
a − ˙¯ϕaϕa)
]
− ib
∫
dt (f 2)−1φiAφ˙iA
− i
α2
( 1
α
− 1)
∫
dt (f 2)
1
α
−2 f iaf˙ bi ϕ(aϕ¯b) − 2ib
∫
dt (f 2)−2fai f˙ka φ
iAφkA
− 1
6α3
( 1
α
− 1)
∫
dt (f 2)
1
α
−2 ϕaϕ¯bϕ(aϕ¯b) . (6.25)
Thus in this case fermionic fields from different multiplets interact only with bosonic fields
and the four-fermionic term is composed only out of the fermionic fields of the (4, 4, 0)
multiplet.
Introducing the new variables
x = (f 2)
1
2α , (6.26)
lia =
1
α
(f 2)−
1
2 fia , l
ia
lia =
1
α2
, (6.27)
ψi = 1
α
(f 2)
1
2α
−1 f iaϕa , ψ¯i = − 1α (f 2)
1
2α
−1 fiaϕ¯
a , χiA =
√
2b (f 2)−
1
2 φiA , (6.28)
at α 6= 0 we can rewrite the action (6.23) in the form
S(q+Ψ) =
∫
dt
{
1
2
[
x˙x˙ + x2 l˙ial˙ia + i
(
ψ¯kψ˙
k − ˙¯ψkψk
)
− iχiAχ˙iA
]
+ i α l ai l˙ka
[
2ψ(iψ¯k) − αχiAχkA
]
− 2(1−α)
3
x−2 ψiψ¯kψ(iψ¯k)
}
. (6.29)
The on-shell supersymmetry transformations leaving the action (6.29) invariant are
δx = −ωiψi + ω¯iψ¯i , (6.30)
δlia = −2α x−1 [ω(iψj) + ω¯(iψ¯j)] lja , (6.31)
δψi = iω¯ix˙+ iη¯ix− 2αi x lial˙ka ω¯k
−(1 + 2α) x−1 ωkψkψi − 2αx−1 ω¯kψkψ¯i + x−1 ω¯kψiψ¯k , (6.32)
δψ¯i = −iωix˙− iηix− 2αi x lial˙ka ωk
+(1 + 2α) x−1 ω¯kψ¯kψ¯i + 2αx
−1 ωkψ¯kψi − x−1 ωkψ¯iψk , (6.33)
δχiA = −2α x−1 [ω(iψj) + ω¯(iψ¯j)]χAj . (6.34)
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Once again, from (6.31) and (6.34) we notice that the fermionic transformations of the fields
l
ia and χiA look as the field-dependent SU(2) transformations of the doublet indices of these
fields.
Proceeding from the component D(2, 1;α) transformations (6.30) - (6.34), one can con-
struct the corresponding Noether (super)charges
Qi = p ψi − ix−1ψk
[
2
3
(1 + 2α)ψ(iψ¯k) − αχiAχkA − 2i α l(iapk)a
]
, (6.35)
Q¯i = p ψ¯i + ix
−1ψ¯k
[
2
3
(1 + 2α)ψ(iψ¯k) − αχAi χkA + 2i α l(iapk)a
]
, (6.36)
Si = xψi − tQi, S¯i = xψ¯i − t Q¯i . (6.37)
Here p ≡ x˙ is the canonical momentum for x and
pia = x
2
l˙ia − iα lka
[
2ψ(iψ¯k) − αχAi χkA
]
(6.38)
are the momenta for lia. The momenta (6.38) satisfy the constraint
l
iapia = 0 , (6.39)
which forms the pair of second class constraints together with the constraint (6.27),
l
ia
lia − 1α2 = 0 . (6.40)
Like in subsection 5.2, the presence of second class constraints (6.39), (6.40) implies that
in the present case one should use the Dirac brackets
{lia, lkb}
DB
= 0 , {lia, p kb}DB = δikδab − α2lial kb ,
{pia, p kb}DB = α2 (pial kb − p kblia) .
(6.41)
Making use of them, one can directly check that the supercharges (6.36), (6.35), (6.37) form
D(2, 1;α) algebra (4.34) with the Hamiltonian
H = 1
2
p2 +
1
x2
[
1
2
piapia + iα l
i
ap
ka
(
2ψ(iψ¯k) − αχAi χkA
)
+ 1
4
(1 + 2α)ψiψ
i ψ¯kψ¯
k + αψiψ¯kχ
iAχkA − 14 α2 χAi χkAχiBχkB
]
(6.42)
and the SU(2) generators
J ik = −i
[
ψ(iψ¯k) − 1
2
χiAχkA − i liap ka
]
. (6.43)
The remaining even generators K, D and I i
′k′ are defined by the same expressions as in
(4.36), (4.37) and (4.38), (4.45).
Note the relations
l
i
ap
ka = l(iap
k)a , liap
ka
libpk
b = 1
2α2
p kap ka . (6.44)
24
With the help of them, one can find the explicit form of the Casimir operators (4.50) of the
su(1, 1), su(2)R and su(2)L algebras for the case under consideration
T 2 = 1
8
(1 + 2α)ψiψ
i ψ¯kψ¯
k + 1
2
αψiψ¯k
(
χiAχkA + 2i l
i
ap
ka
)
−1
8
α2
(
χAi χkA + 2i liap k
a
) (
χiBχkB + 2i l
i
bp
kb
)
, (6.45)
J2 = 3
8
ψiψ
i ψ¯kψ¯
k + 1
2
ψiψ¯k
(
χiAχkA + 2i l
i
ap
ka
)
−1
8
(
χAi χkA + 2i liap k
a
) (
χiBχkB + 2i l
i
bp
kb
)
, (6.46)
I2 = −3
8
ψiψ
i ψ¯kψ¯
k . (6.47)
Using these expressions and the expression
i
4
Qai
′iQai′i =
1
2
(1 + 2α)ψiψ
i ψ¯kψ¯
k + αψiψ¯k
(
χiAχkA + 2i l
i
ap
ka
)
, (6.48)
we find that the second-order (classical) Casimir operator of D(2, 1;α) takes the form
C2 = −18 α(1 + α)
(
χAi χkA + 2i liap k
a
) (
χiBχkB + 2i l
i
bp
kb
)
. (6.49)
Like in the previous cases, the additional fermionic variables χAi make significant contribu-
tions to the D(2, 1;α), su(1, 1) and su(2)R Casimirs (6.45), (6.46), (6.49).
By the same tokens as in the previous cases, we obtain the various relations between
the Casimirs pertinent to the concrete realization of D(2, 1;α) we have constructed in this
section. These relations are
M ≡ T 2 − α2J2 − 1
3
(1− α2) I2 − i
8
(1− α)Qai′iQai′i = 0 , (6.50)
(1 + α)
[
T 2 − αJ2 + 1
3
(1− α)I2
]
+ (1− α)C2 = 0 , (6.51)
T 2 = αJ2 − 1
3
(1− α)I2 + 1
8
α(1− α) (χAi χkA + 2i liap ka) (χiBχkB + 2i libp kb) . (6.52)
All these relations are valid for any α, including α=− 1 .
The Hamiltonian (6.42) can be cast in the standard form of the Hamiltonian of (su-
per)conformal mechanics
H = 1
2
p2 +
2T 2
x2
. (6.53)
Using the relation (6.52), we can rewrite it in the equivalent form as
H = 1
2
p2 + α
J2
x2
− (1− α) I
2
3x2
+α(1− α)
(
χAi χkA + 2i liap k
a
) (
χiBχkB + 2i l
i
bp
kb
)
8x2
. (6.54)
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7 Superconformal coupling of the multiplets (1,4,3)
and (4,4,0) mediated by the multiplet (0,4,4)
Here we illustrate the efficiency of the off-shell superfield approach for constructing new
superconformal systems which involve dynamical supermultiplets of different types. Here we
construct a system in which the superconformal interaction between the multiplets (1, 4, 3)
and (4, 4, 0) arises as a result of coupling of these both multiplets to the single (0, 4, 4)
multiplet.
To this end, we will consider a sum of the superfield actions (4.11), (4.20) which describe
the superconformal coupling of the (1, 4, 3) and (0, 4, 4) multiplets and the actions (6.10),
(6.20) which describe an analogous coupling of the (4, 4, 0) and (0, 4, 4) multiplets. After
elimination of the auxiliary fields in this sum, we will obtain a new superconformal coupling
of the (1, 4, 3) and (4, 4, 0) multiplets mediated by the multiplet (0, 4, 4).
The corresponding off-shell component action is the sum of the component actions (4.13),
(4.21), (6.12), (6.21). To distinguish between contributions of different actions, we substi-
tuted the coupling constant as b→ b1 in (4.21) and b→ b2 in (6.21).
Eliminating the auxiliary fields Aik and F
A, F¯A from this sum by their equations of
motion
Aik = i
(
1
α
+ 2
)
r−1ϕ(iϕ¯k) − 4b1α2ir 1α+2φA(iφk)A ,
FA =
[
b1r + b2(f
2)−1
]−1[
b1ϕk + 2b2(f
2)−2fkaϕa
]
φkA ,
F¯A =
[
b1r + b2(f
2)−1
]−1[
b1ϕ¯k + 2b2(f
2)−2fkaϕ¯a
]
φkA ,
(7.1)
we obtain the action with the Lagrangian
L = 1
8α2
r−
1
α
−2 [r˙r˙ + i (ϕ¯kϕ˙k − ˙¯ϕkϕk)]+ 12α2 (f 2) 1α−1 [f˙ iaf˙ia + i2 (ϕ¯aϕ˙a − ˙¯ϕaϕa) ]
−i [b1r + b2(f 2)−1] φiAφ˙iA
− i
α2
( 1
α
− 1) (f 2) 1α−2 f iaf˙ bi ϕ(aϕ¯b) − 2ib2(f 2)−2fai f˙ka φiAφkA
+ 1+2α
48α4
r−
1
α
−4 ϕ(iϕ¯k)ϕiϕ¯k − 16α3 ( 1α − 1) (f 2)
1
α
−2 ϕaϕ¯bϕ(aϕ¯b)
− b1
2α
r−1
[
b1r + b2(f
2)−1
]−1[
b1r + b2(1 + 2α)(f
2)−1
]
ϕiϕ¯kφ
iAφkA
−4b1b2 r (f 2)−3
[
b1r + b2(f
2)−1
]−1
fiafkbϕ
aϕ¯bφiAφkA
+2b1b2 (f
2)−2
[
b1r + b2(f
2)−1
]−1(
ϕiϕ¯
a − ϕ¯iϕa
)
fka φ
iAφkA
+α2(b1)
2r
1
α
+2 φA(iφk)Aφ
iBφkB . (7.2)
Redefining the variables as
x1 = r
− 1
2α , x2 = (f
2)
1
2α , (7.3)
lia =
1
α
(f 2)−
1
2 fia , l
ia
lia =
1
α2
, (7.4)
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ψi1 = − 12α r−
1
2α
−1ϕi , ψ¯1i = − 12α r−
1
2α
−1ϕ¯i , (7.5)
ψi2 =
1
α
(f 2)
1
2α
−1 f iaϕa , ψ¯2i = − 1α (f 2)
1
2α
−1 fiaϕ¯
a , (7.6)
χiA =
√
2
[
b1r + b2(f
2)−1
] 1
2 φiA , (7.7)
we bring the Lagrangian (7.2) into the form
L = 1
2
[
x˙1x˙1 + x˙2x˙2 + (x2)
2
l˙
ia
l˙ia + i
(
ψ¯1kψ˙
k
1 − ˙¯ψ1kψk1 + ψ¯2kψ˙k2 − ˙¯ψ2kψk2
)
− iχiAχ˙iA
]
+ i α l ai l˙ka
{
2ψ
(i
2 ψ¯
k)
2 − αb2 (x2)−2α
[
b1 (x1)
−2α + b2 (x2)
−2α
]−1
χiAχkA
}
+ 1
3
(1 + 2α) (x1)
−2 ψ1(iψ¯1k)ψi1ψ¯
k
1 − 23 (1− α) (x2)−2 ψ2(iψ¯2k)ψi2ψ¯k2
−αb1(x1)−2α−2
[
b1(x1)
−2α + b2(1 + 2α)(x2)
−2α
][
b1(x1)
−2α + b2(x2)
−2α
]−2
ψ1iψ¯1kχ
iAχkA
−2α2b1b2 (x1)−2α(x2)−2α−2
[
b1(x1)
−2α + b2(x2)
−2α
]−2
ψ2iψ¯2kχ
iAχkA
+2α2b1b2 (x1)
−2α−1(x2)
−2α−1
[
b1(x1)
−2α + b2(x2)
−2α
]−2[
ψ1iψ¯2k − ψ2iψ¯1k
]
χiAχkA
+ 1
4
α2 (b1)
2 (x1)
−4α−2
[
b1(x1)
−2α + b2(x2)−2α
]−2
χA(iχk)Aχ
iBχkB . (7.8)
The on-shell supersymmetry transformations leaving (7.8) invariant up to a total deriva-
tive are as follows
δx1 = −ωiψi1 + ω¯iψ¯1i , δx2 = −ωiψi2 + ω¯iψ¯2i , (7.9)
δlia = −2α (x2)−1
[
ω(iψ
j)
2 + ω¯
(iψ¯
j)
2
]
lj
a , (7.10)
δψi1 = iω¯
ix˙1 + iη¯
ix1 − (1 + 2α) (x1)−1
(
ωkψ
k
1ψ
i
1 + ω¯kψ
k
1 ψ¯
i
1
)
+α b1 (x1)
−2α−1
[
b1 (x1)
−2α + b2 (x2)
−2α
]−1
ω¯kχ
A(iχ
k)
A ,
δψ¯1i = −iωix˙1 − iηix1 + (1 + 2α) (x1)−1
(
ω¯kψ¯1kψ¯1i + ω
kψ¯1kψ1i
)
+α b1 (x1)
−2α−1
[
b1 (x1)
−2α + b2 (x2)
−2α
]−1
ωkχA(iχk)A , (7.11)
δψi2 = iω¯
ix˙2 + iη¯
ix2 − 2αi x2 lial˙ka ω¯k
−(1 + 2α) (x2)−1 ωkψk2ψi2 − 2α (x2)−1 ω¯kψk2 ψ¯i2 + (x2)−1 ω¯kψi2ψ¯k2 ,
δψ¯2i = −iωix˙2 − iηix2 − 2αi x2 lial˙ka ωk
+ (1 + 2α) (x2)
−1 ω¯kψ¯2kψ¯2i + 2α (x2)
−1 ωkψ¯2kψ2i − (x2)−1 ωkψ¯2iψ2k , (7.12)
δχiA = −2α
[
b1 (x1)
−2α + b2 (x2)
−2α
]−1{
ω(i
[
b1(x1)
−2α−1ψj)1 + b2(x2)
−2α−1ψj)2
]
+ω¯(i
[
b1(x1)
−2α−1ψ¯j)1 + b2(x2)
−2α−1ψ¯j)2
]}
χAj .(7.13)
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It is straightforward to compute the relevant D(2, 1;α) Noether (super)charges and Casimirs,
as it was done in the previous sections for the separate pair couplings. We leave finding the
explicit expressions for the future.
Let us dwell on some peculiarities of the system constructed.
First, the component action associated with (7.8) involves a non-trivial dependence on
both coupling constants b1 and b2, in contrast to the actions for the separate pairs which are
reproduced by setting b1 = 0 or b2 = 0.
Accordingly, we observe that the quartic fermionic terms in (7.8) have a more complicated
dependence on x1 and x2 as compared to the separate (1, 4, 3)⊕(0, 4, 4) or (4, 4, 0)⊕(0, 4, 4)
couplings, in which cases we are left with the standard conformal denominators (x1)
−2 or
(x2)
−2.
These peculiarities survive in the special cases α = −1/2 corresponding to the supercon-
formal group OSp(2|4) and α = −1 which corresponds to PSU(1, 1|2) and was the subject
of study in [27]. It would be interesting to reveal implications of this and, perhaps, some
other “hybrid” D(2, 1;α) invariant d = 1 systems in the AdS/CFT and supersymmetric
black hole business along the lines of Ref. [27] and related references.
8 Concluding remarks
In this paper we have presented in detail the construction of the realizations of the most
general N = 4, d = 1 superconformal symmetry D(2, 1;α) in the SCM models associated
with the reducible N = 4 multiplets (1, 4, 3) ⊕ (0, 4, 4), (3, 4, 1) ⊕ (0, 4, 4) and (4, 4, 0) ⊕
(0, 4, 4). In all cases, we started from the manifestly supersymmetric off-shell superfield
description, then passed to the off-shell component actions and, finally, to the on-shell actions
by eliminating the relevant sets of the auxiliary fields. Though the superfield description
for the separate multiplets entering the various pairs was known before, neither full off- and
on-shell superconformal Lagrangians nor the explicit realizations of the D(2, 1;α) generators
for them at arbitrary α were given. We also worked out an instructive example of the
D(2, 1;α) invariant action involving the multiplets (1, 4, 3) and (4, 4, 0) interacting through
couplings to the multiplet (0, 4, 4). All the models constructed admit a simple extension to
an arbitrary number of the multiplets (0, 4, 4), like in the α = −1 case treated in [27].
The common feature of all models considered is the splitting of the involved variables
into the radial (“dilaton”) part presented by the field x and the angular part containing
everything else, including the fermionic variables of the multiplets (0, 4, 4). The structure
of supercharges and Hamiltonians in terms of this splitting is basically universal for all
considered systems, like in their α = −1 particular case, and is, presumably, in the agreement
with the general structure of N = 4 SCM models with D(2, 1;α) invariance suggested in
[19]. As distinct from [19], we begin with the well defined reducible off-shell N = 4, d = 1
representation and come to the final expressions for theD(2, 1;α) generators and the splitting
of variables just mentioned through the standard Noether procedure applied to the relevant
invariant Lagrangians and by making the universal field redefinition in the end. Another
difference is that our off-shell approach, as is illustrated in section 7, allows one to gain, as
a result of elimination of the auxiliary fields, some additional fermionic couplings which are
difficult to guess within the intrinsically on-shell Hamiltonian approach.
It is of interest to apply the same methods to construct more general superconformal
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N = 4 models, involving, e.g., some mirror (or “twisted”) analogs [33], [34] of the multiplets
considered here and to generalize our study to the D(2, 1;α) invariant models with the
“trigonometric” realization of the conformal d = 1 symmetry along the lines of Ref. [28]. It
is also desirable to consider quantum versions of all these models and D(2, 1;α) realizations,
as well as to understand in full generality their possible links with the higher-dimensional
supergravity, black holes and AdS/CFT in the spirit of refs. [4], [6], [27], [26] and other
related works.
Finally, we focus on the two surprising common features of the models presented.
One unusual property is seen already at the level when the extra (0, 4, 4) multiplets
are suppressed. In the three cases considered in sections 4, 5 and 6 the corresponding
Lagrangians are (without WZ terms for the (3, 4, 1) multiplet)
L(1,4,3) =
1
2
[
x˙x˙+ i
(
ψ¯kψ˙
k − ˙¯ψkψk
)]
+ 1
3
(1 + 2α) x−2 ψiψ¯kψ(iψ¯k) , (8.1)
L(3,4,1) =
1
2
[
x˙x˙+ x2ℓ˙ikℓ˙ik + i
(
ψ¯kψ˙
k − ˙¯ψkψk
)]
+ 4iα ℓ ji ℓ˙kjψ
(iψ¯k)
− 1
3
(1− 2α)x−2ψiψ¯kψ(iψ¯k) , (8.2)
L(4,4,0) =
1
2
[
x˙x˙+ x2l˙ial˙ia + i
(
ψ¯kψ˙
k − ˙¯ψkψk
)]
+ 2iα l ai l˙kaψ
(iψ¯k)
− 2
3
(1− α)x−2ψiψ¯kψ(iψ¯k) , (8.3)
where x is the radial variable and ℓik , lia are angular variables. We see, that the four-
fermionic terms are vanishing at different values of α for different multiplets: α = −1/2
for the multiplet (1, 4, 3), α = 1/2 for the multiplet (3, 4, 1) and α = 1 for the multiplet
(4, 4, 0).
On the other hand, in the supercharges
Qi(1,4,3) = p ψ
i − 2i
3
(1 + 2α) x−1ψk ψ
(iψ¯k) , (8.4)
Qi(3,4,1) = p ψ
i − 2i
3
(1 + 2α) x−1ψk ψ
(iψ¯k) − 4αx−1ψk ℓ(ij p k)j , (8.5)
Qi(4,4,0) = p ψ
i − 2i
3
(1 + 2α) x−1ψk ψ
(iψ¯k) − 2αx−1ψk l(iap k)a (8.6)
the three-fermion terms vanish at α = −1/2 for all multiplets we dealt with. Moreover, the
angular dynamical variables in the supercharges can be absorbed into the relevant SU(2)
currents.
The second common feature is that the contribution of the (0, 4, 4) multiplets to the
supercharges is universal for all multiplets:
Qi(1,4,3)⊕(0,4,4) = p ψ
i − ix−1ψk
[
2
3
(1 + 2α)ψ(iψ¯k) − αχiAχkA
]
, (8.7)
Qi(3,4,1)⊕(0,4,4) = p ψ
i − ix−1ψk
[
2
3
(1 + 2α)ψ(iψ¯k) − 4i α ℓ(ij p k)j − αχiAχkA
]
, (8.8)
Qi(4,4,0)⊕(0,4,4) = p ψ
i − ix−1ψk
[
2
3
(1 + 2α)ψ(iψ¯k) − 2i α l(iap k)a − αχiAχkA
]
. (8.9)
It would be interesting to learn whether these properties survive quantization.
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